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A NEW INTEGRAL TEST FOR THE CONVERGENCE AND 
DIVERGENCE OF INFINITE SERIES* 

BY 

RAYMOND W. BRINK 

Introduction f 

A new sequence of integral tests for the convergence and divergence of 
infinite series has been developed by the author. Some of the tests of this 
sequence, and the principle by which they may be discovered will be set forth 
by him in another article. In the present paper it is his desire to give a central 
one of these tests, together with some of its applications. This particular 
integral test appears to play the same r61e when the ratio of successive terms 
is explicitly known, that the Maclaurin-Cauchy test plays when the indi- 
vidual term is explicitly known. In testing a series of the form 

MO + «1 + «2 + •• • , 

du Bois-ReymondJ called those tests that make use of the test ratio 

tests of the second kind to distinguish them from tests using the general term 
of the series u n itself, which he called tests of the first kind. Similarly, the 
integral tests developed in this paper, which involve a function r(x) such that 
r ( n) — r« , may be called integral tests of the second kind; while the Maclaurin- 
Cauchy integral test, involving a function u ( x ) for which u ( n ) = u n , is an 
integral test of the first kind. 

Integral tests of the second kind thus apply to series for which a function 
is known that for successive integral values of the variable takes on the suc- 
cessive values of the ratio of one term to the preceding term. Such a series 
can be written in the following normal form: 

c + ca + ca ai + ca a\ a% + • • • , 



* Presented to the Society, April, 1916. 

t The thanks of the writer are due to Professor Birkhoff for many suggestions furnished 
by him during the preparation of this paper. 

{Journal fur Mathematik, vol. 76, p. 61. 
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where a n = a(n) , a(x) being a known function; and it is to such series that 
the theorems of this paper apply. 

The general method employed to discover the tests of the sequence sug- 
gests the test set forth in the first section of the present paper. This test 
may be considered as the fundamental integral test of the second kind. From 
it are derived the test given in the second section, and the very simple and 
useful integral test of the third section. The fourth section gives a test 
applicable to a series of products of rather general form. The fifth extends 
the fundamental test to multiple series. 

1. Fundamental integral test of the second kind 

Theorem I. Given the series 

u + ui + u 2 + ■ ■ ■ (u,>0, tigji). 

Let r„ = u n+ i/u n , and suppose that from a certain point x = p on, r (x) is a 
continuous, positive function such that r{n) = r n , and suppose that a constant 
m exists, positive or zero, such that r(x') =5 r(x) when x' =S x + m . Then a 
necessary and sufficient condition for the convergence of the given series is the 
convergence of the integral 

J log r{x)dx 






e J »■ dx. 



Proof. Under the conditions, from a certain point on either r(x) > 1 or 
r ( x ) =i 1 . Suppose that r(x) si 1, m < x. We take m to be an integer. 
Then 

J/Wl+l 
logr(x)dx ^ log r n+ i +m , fi^n. 
n 

We write 



™ r +i r io * r <*>** a r +i 'r x + sz 2 +-+/\+ r** ri > x)dx a 

(2) I e J > dx = I e J »■ * / » i + 1 * / »- 1 Jn dx, 

where, as elsewhere in this paper, the bar over the signs of integration indi- 
cates that the integrals under it have the same integrand. Therefore, by (1), 

X" +1 / log r(x)dx C n+1 logr (i +i+ m + logr )1 +2+OT+ h log r n +m . 

e 1 *- dx = I e dx 



Likewise 



~~ *"u+l+m ' r iL+2+m rn+m — U n +\+ m . 



(4) f 



" +1 f° log r(x)dx ^ 1 

Wfi, — m 
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Similar inequalities hold if r(x) > 1 , jui < x. Since the integral 

C x I log r(x)dx . 
I e J >•■ ax 

cannot oscillate, the theorem follows at once from a comparison of the two 
series 

V^ A V* r +1 f X ^r(x)dx 

2^, u n and 2-r J &"*■ dx 

by means of (3) and (4). 

Example. Discuss the convergence of the series 

00 

where u n = eV f 'V+i + -" + ' > >»-i, 

hn • l 2 n l k n + kn • l 3 n hn + • • • + hn + p 



Pn = — 



n • hn ■ hn h n 



and h x = log ( h-i x) , hx = log x . Of course n is to be taken large enough 
for all terms of the series to be defined. 
For this series r„ = e Pn , and 

kx • hx hx + Ux • l 3 x hx + • • • + hx + p 

r ( x \ = gP(*) — g X ■ liX ■ liX J*X 

This function satisfies the conditions of the theorem, and we have 

r. . ,, r hx h x + • • • + h x + p J 

I log r ( x ) ax = | ; — ; -j ax 

J Xt , J Zo xhxl 2 x hx 

= c — log [xh x • • • h-i x(hx) p ]. 
Therefore 

dx 



Jx, Jx, X ■ hx ■ I 



iX h-ix{hxy 



Hence the given series converges or diverges according as p > 1 or p ^ 1 . 
The theorem can be extended as follows : 
Theorem II. Given the series 

Uq + Wl + «2 + • • • (W n >0, »g)c). 

Let r(x) be a function with a continuous derivative r' (x) , a; i= ju, such that 
r (n) = r„ = m„ +1 /m„ . Suppose that < A ^ r(x) ^ B , and that the 
integral 

f*\r'(x)\dx 
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converges. Then a necessary and sufficient condition for the convergence of the 
given series is the convergence of the integral 

("» f X log r{x)dx , 
I e J * ax. 

Proof. Write 

r+i 
log r(x)dz - log r„ +1 

= j [logr(x) -log r n+1 ]-^(x - n)dx. 
Integrate by parts. Then we find 

dn=~J n {x-n)^dx. 

Therefore 

(2) s w = l 1^7 

Now by hypothesis the integral 

f |r'(a;)|da; 

converges, and therefore the integral 



dx. 



dx 



r\ r'(x) 
J* \r(x) 
converges since 

\r'(x)\_ \r'(x)\ 



\r(x) | " A 
Consequently the series 

00 

Z_, d n 

n—\i. 

converges absolutely, and we can write 

i\d n \ = D. 
Now 



r + 1 r log r ( x)& . r +i r +1 + r +2 + ■ ■ ■ + r + nog r^ . 

I e° > ax = I e J * •V+i •/»— i »*»» ## 

r" +1 dja+djt+iH hdn— l H-log (»>+i-jy+2 r n ) + I log r(z)dx , 

= I e * /n ax. 

Since 0<^4sir(a;)si.B, we can set | log r ( x ) | si C . Consequently we 
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log r(x)dx 



dz 2= Mn+l . 

> + l 



The theorem then follows as before from a comparison of the two series 

J» /*»+! f l og r(x)dx 



2l u„ and 






dx. 



The method used in the following alternative 'proof is sometimes useful. 
Define two functions r (1> (x) and r (2) (x) such that 

r (i)(a;). r (2)(a;) = r(a0, 

and such that r (1) ( a; ) monotonically increases and r (2) ( a; ) monotonically 
decreases when x increases. We can do this in the following way. Denote 
r« (n) by r< n n , and r< 2 > (n) by r ( „ 2) . Take log r«> = log r„ and log r', 2 ' = 0; 
if r'{x) S Otake 

<Z log r m ( a; ) d log r(x) dlogr G) (x) 

dx dx ' dx ~ ' 

iir'(x) 2i 0, take 

d log r (2) ( x ) _ d log r ( a; ) d log r (1> ( x ) 

Then 



da: 



dx 



log r (1) ( a; ) + | log r (2) ( a; ) | = I 
Since the integral 



dx 
I d log r (x) 



0. 



rr iog / ( *v=r 



dx 

\ r'(x) 
\r(x) 



dx + log r^ . 



da; 



converges, log r (1> (a;) and log r (2) (a;) are finite, and we can write 
< a < rM(x) < b, < a < r (2 > (a;) < b. 



Now 

" +1 I log r(x)a 
e J * 



T" +1 L ['°g rGa + x) + log r(M + x + 1) H + log r(x + n — l))dx + f* log r(x)dx , 

= I e J <> J» dx 



J/.B+1 
n 



log [r<« ( M +9) • r<» Oi+9) • r<» 0+9+ 1 ) • r C2 > 0+8+1) • • • r<« (re - 1 +0)r«> («. - 1 +0)] + f * log r{x)dx 

»/» 



dr, 
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< 6 < 1 . Therefore 



r ( ili • ff ■ r? +2 ■ tft., • • 




= e c 


f- n == n , n * 


f* log r(x)dx ^e~°a 2 





Likewise 



The theorem then follows as before. 

Instead of testing for the convergence of the integral 



J'lOO 



(x) \dx 



it is sometimes convenient to test directly for the convergence of the integral 



which is equivalent. 



(x) 



dx , 



It is clear that Theorem II is included in the following theorem. We thus 
have still a third proof of Theorem II. 
Theorem III. Given the series 

u + ui + u 2 + • ■ ■ , (u n > 0, n^/i). 

Let r(x) be a continuous function such that, for x i= n , 

(a) r(n) = r n =— — , 

(b) <A^r(x)^B, 

(c) \r(x')-r(x)\^f(x), 

whenever ^ ( x' — x ) 2= 1 , the series Z)"=™ / ( n ) being a convergent series. 
Then a necessary and sufficient condition for the convergence of the given series 
is the convergence of the integral 

J" 00 / log r(x)dx 
ey* ax. 

Proof. By condition (c), 
(1) r(«')^r(*)+/(a;)Sr(a!)[l+^], 

Si x' — x Si 1, x ^ ij,. 
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(2) r(x') ^r(x)\l -^p 1, O^x'-x^l, x^n. 

We have 

r n+1 f X \ogr(x)dx, r +1 log(r(pi+e)-r(jx+l+0)---r(n-l+e))+ F\ogr(x)dx , 

I e*V ax = t e Jn ax, 

where < < 1. Asbefore, we write | log r (a;) | ^ log C. Then by (1), 

jf jr-^* s c[,.(i +'-£>.„(. + «*±±>) 

-0+*^)] 

- c u re nfi i /(n)> l 

Since the series 

tf(n) 

converges, and / ( n ) ^ , the product 
converges to a value F . Therefore 

r +1 r log !■(*)<**, cf 

I e* 7 " ax 2= — 

Similarly, by (2), the product 

SO-*? 2 ). 

converges, say to Fi , and we get 

f 

The theorem then follows by comparison. 



«/"• 



n+1 f\o%r{x)dx Fy 



2. A DERIVED TEST 

The following test is based upon Theorems I, II, and III, in much the 
same way that Ermakoff's test* is based upon the familiar Maclaurin-Cauchy 
integral test. 

*Bulletin des sciences mathSmatiques vol. 2 (1871), p. 250. 
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Theorem IV. Given the series 

u + ui + U2 + ■ • ■ (u„>0,n^ii). 

Let r„ — u n+ i/u„ , and suppose that r(x) is a function satisfying the preliminary 
conditions given in any one of the Theorems I, II, or III, and that r ( x ) =i 1 . 
Then the series converges if 

[r(e x )f 1 

< v <- , m ^= x, 



r(x) e 

and diverges if 

[r(e x )f 1 

7 — v— > v >- , m^x. 

r(x) e 

Proof. Since the preliminary conditions hold for one of the earlier tests, the 
series converges if and only if the integral 



rj: 

Ju. 



log r(x)dx . 
ax 



converges. Suppose first that 

[r(e x )f 1 < < 

- r T^ r <"<-. ^m^x. 

Then 

[r(e x )f < v ■ r(x) 
and 

e x log r ( e x ) < log v + log r (x) . 
It follows that 

e x log r ( e x ) dx < ( x — -m ) log v + I log r ( x ) dx , m < x ; 

or, after a change in the variable of integration, 

I log r (x)dx < (x — m) log v + I logr(a;)da;. 

Consequently 

r i f" log r(x)dx , . 1 f , , f* log r(x)dx , 

I e x • e J em s v ' or < — I e 1 • e'eJm dx, m < x < x . 

Then, once more changing the variable of integration, we have 

Jf log r{x)dx 1 f c 1 f log r(x)dx 

e Jem dx <— I c^e-'"* to, X > 1. 



194 R. W. BBINK [April 

Therefore, since log r ( x ) t= , 

r P log r(x)dx 7 1 rdx 

I e* 7 "" (to<— I tz , m<x <x. 

J e r V Jx a A 

But the integral 

converges. Consequently the integral 

r°° f \ogr(x)dx 
I e J em ax , 

and therefore the given series, converge. 
Now suppose that 

[r(e*)r 1 

7-^— >v>-, n^m<x. 

r(x) e 

We can take 1/e < v < 1 . Then 

[r(e*)r > j- • r(x), -<v<l, m < x . 
As before, reversing inequalities, we get 

f e * f log r(x)dx 1 r\ f X logr(x)dx 

I e Jem ax > — I \ x e Jm ax, X > 1 

That is 

P log r(x)dx 7 1 C* f*logr(x)dx , f x T log r(x)dx 



f J logr(x)dx 1 /" J logr(*)d* f 

I e^ em ax >— \ z e Jm ax — I 



e " e ~ da; 



> — I K x e J m ax — \ \ x e Jm ax, 

m! < x < x . 



Then, since v < 1 , 

f log r(x)dx C*\x f io Sr(x)dx 

,j e m dx > \ X* e Jm ax — c > 0. 



r e v°^ dx> r 

Jx "ft 



This inequality holds for all values of x beyond a certain point. If we take 
Xi some number beyond this point, and set 

x-2 = e* x , x 3 = e'' , x i = e* , ■ ■ ■ , 
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each term of the series 

r px x px 

2 / log r(x)dx , C 3 I log r{x)dx 



Jx x J x % 



e Je " dx + 



is greater than the positive constant c, and this series therefore diverges. 
Therefore the integral 



f 



I log r(x)dx , 
e Jem dx, 



'*0 

and consequently the given series, diverges. 

By the transformation x = e" , the test is changed to the following form, 
sometimes more convenient: The series is convergent if 

lr(x)}> 1 

7V^x~) <v< -e> m<x > 

and is divergent if 

[r(x)r ^ ^1 

> v > - . m < x . 



r ( log x ) e 

In case 

lim r ( x ) = 1 , 

this test is no more than the test of Schlomilch which may be stated as follows: 
The series converges if x log r (x) < vi < — 1, m < x; and diverges if 
a;logr(x) >pi> — 1, m < x . From the point of view of the integral 
tests, Theorem IV may be used as a proof of Schlomilch's test. 

3. An integral test involving (r(x) — 1) 

The following is the most generally useful integral test of the second kind. 
Theorem V. Given the series 

«o + iH + m» + ••• (u n >0, «> M ). 

Let r n = Un+i/un , and suppose that r(x) is a positive, integrable function satis- 
fying the preliminary conditions of one of the Theorems I, II, or III, and the 
further condition that 

\r(x) — 1| < a < 1, hi < x. 

Then a sufficient condition for the convergence of the series is the convergence of 
the integral 

~ f 1 (r(x) - l)dx 



pad 
Jx a 



This condition is also necessary for the convergence of the series if from a certain 
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point on 

\r(x) - 1|<-, 
where k is some constant. 

Proof. We have the expansion 

(1) logr(x) = (r(x) - 1) -§(r(x) - l) 2 +|(r(x) - l) 3 . 

Then 

log r ( x ) si r ( x ) — 1, 
so that 

"* f X log r(x)dx 1 C* C" (r(x) - l)dx 

py xa nrr "< I ey xn , 



r j \o g r(x)dx. r 

I e Jx * dx t= \ 

Jx<, Jx 



e Jx <> dx . 



Therefore, since the preliminary conditions of one of the Theorems I, II, or III 
are satisfied, so that the given series and the integral 

("* flogr(x)dx 
I e Jx * dx 

Jx 

converge or diverge together, the convergence of the integral 

r P(r(z)-l)<fa 
I er** dx 

is sufficient for the convergence of the given series. 

The expansion (1) converges uniformly for \r(x) — l| < o < 1, that is, 
for ;ui S= x . We can therefore integrate it term by term over any interval 
Mi ^ x ^ A . Then 

\og r(x)dx = I (r (x) — I) dx — ~ I (r (x) — l) 2 dx + • ■ ■ , 

x Jx a " Jx 

Mi < x Q < x , 
and 

X* f\ogr(x)dx 
e J *o dx 

° = r X {r{x) - i)dx - iC (r(x) - mx+ 1 £ «*) - 1)*- • ■ • & , Ml <X0 <X . 

«/ar 

We have 

k 

\r(x) - 1|<-, 

so that 

{r{x) -\)> -\, - (r(x) -1) 2 > -^, 



x x^ 



£3 

(r(x) - l) 3 > --j, etc., x>mi- 



X 15 



> 



> 
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Therefore 

Jx 

C I ( r ( x ) — ^)dx ~~ o / —,dx — % I ~,dx — 7 / ~idx — • • • , 
I e Jx o 2« / *oz 2 2, J *<,x* 4 Jx ox i dx 

Jx a 

e^^o 2^*o x 2 3J*o x s 4^aro x 4 dx 

= r e ^ (r(a,) - 1)<te -(l; + Aj + 4^1+ ■■•)&, Ml<*o<*. 

lAt 

If Xq is taken greater than k , the series in parentheses converges to a value Cx . 

Consequently 

r f"logr(aO«fc, ^ C x f*(r(x)-l)dx. 
I er** dx > c 2 I e^*" dx. 

Jx a 'Jx 

Therefore when x increases indefinitely, if the second of these two integrals 
diverges, the first one also diverges, and the given series diverges. 

In most cases of interest r ( x ) is a monotonically increasing function with 
unity as its limit. In such a case the condition | r ( x ) — 1 1 < Jc/x becomes 
(r(x) — 1) > — k/x. This condition is not a very great restriction. For 
in case the integral 

r(x) — l)dx 



Jin 



dx 



diverges, if X is any constant greater than unity the product of the integrand 
by X* is not finite for x infinite, and it is natural to assume that 



> 1 , m < x , 
or 



K f"(r(x)-l)dx 
I (r(x) — l)dx > — X log x , m < x . 

Jx 

That is, if x is properly chosen, 

c c x x 

I (r (x) — l)dx > — I -dx, m < x < x . 

«/x Jx„ X 

If this condition holds it is clear that for considerable intervals, at least, 

r(x) - 1 > - \/x. 
So the condition that r(x) — 1 > — k/x , m < x , is a condition that we 
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may expect to hold rather commonly when the integral 

,w fir(.x)-l)dx, 
e Jx « ax 



-v 



diverges. 

As a corollary to the theorem we see that if r ( x ) satisfies the preliminary 
conditions of the theorem, and if 

| r ( x ) — 1 1 < k/x , ix t= x , k Si 1 , 

the series diverges. For 

C x f" (rto-Ddz , ^ r* -T-dxj rcdx 
I e"*o (fag e Jx »x dx — I — j-. 

Similarly, if r ( a; ) — 1 < — fc/x , k > 1 , the series converges. In this way 
Raabe's test* may be proved. 

The test of Theorem V is stronger than any test of the logarithmic scale, for 
by means of it we can test the series 

^ 1 



n =n n ■ U n • l 2 n Z A _i n • {l x n) v 

For this series 

xlixl 2 x £ A _i x ( l K x ) p 



r(x) = 



(x + l)h(x + l)l 2 (x + l) l^ix + l){l k (x + !))"■ 



In all cases all of the preliminary conditions of the test hold for this series, 
except perhaps the condition that | r ( x ) — 1 1 < k/x . Therefore if the integral 
of the test converges the series is known to converge. Suppose that the 
integral diverges. The series also will then diverge. For in case that it 
converged we should have 

'<"*(,-tt)*-0+;P 

and 

r(x) — 1 > — 2p/x , x > m, 

which shows that all of the preliminary conditions of the theorem are then 
satisfied. Consequently, since the integral diverges, the theorem leads to a 
contradiction of the assumption that the series converges, or the integral 
and the series always converge or diverge together. 

Just as we were able to establish d'Alembert's test and Raabe's first test, 
we can establish by means of Theorems I, II, III, and V most of the standard 
tests that use the test-ratio. 



'Journal filr Mathematik von Ettinghausen u n d B a u m - 
g ar t n er , vol. 10; Journal de math^matiques, vol. 6 (1841), p. 85; Jour- 
nal fur Mathematik, vol. 11 (1832), p. 309. 
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Thus consider the series for which 

r(x) = 1 j •• • = — . 

X Xl\X X ■ l\ X lk-1 X X • l\ x l k x 

This series clearly satisfies the conditions for Theorem V. 

™ f (r(x) - l)dx 



f 

r _/*ri + i +...+ — 1_+ v ] to 

= I e "'■Li xhx x-hx It-iX x-hx- • • ■ hx J ax 

dx 



dx 

rx r i i i « -i 

dx 



*Jm Xi\ 



xloX • • • Ik-lX (l k x) p ' 



Therefore the series converges if p > 1 , and diverges if p ^ 1 . 

We thus have the tests of de Morgan* and Bertrandf: If r(x) can be 
expressed in the form 

r(x) = 1 jj — - •• • j : -j -j — 

X Xl\X Xl\ X • • • l k -i X Xl\ X • • • Ik X 

and if 

lim w ( x ) = / , 

the corresponding series converges when I > 1 , and diverges when I < 1 . In 
stating these tests it is more common to express the reciprocal of r ( x ) as 

1,11 1 COlO) 

= l+z + zr-„+ ■■■ +zi-z r— ; + 



r(x) x xhx xl\ x • • • lk-i x xhx ■ • ■ 4 x ' 

then the series converges if 

lim coi ( x ) > 1 , 

£=00 

and diverges if 

lim coi(a;) < 1. 

x=oo 

The same tests are often stated in the following form. If of the following limits 

IS^Mrlb- 1 )- 1 )"* 1 ' 

lim h % ( h (x ) ( x ( — -. — : — lj— lj— lj = fc 2 , etc., 



* Differential and Integral Calculus, 1839. 

t Journal de math6matiques, vol. 7 (1842), p. 37. 



Trans. Am. Math. Soc. 14 
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k m is the first that is not equal to unity, the corresponding series converges if 
k m > 1 , and diverges if k m < 1 . 
In his study of the hypergeometric series Gauss* gave the following rule. If 

_ n k + ai n* -1 +•••+«& 
Tn ~ n k + bi ra*- 1 + ■■■ +b k ' 

where kis a positive integer, the series converges if ( b x — ai ) > 1 , and diverges if 
( bi — ai ) == 1 . This test of course is merely the first test of the logarithmic 
scale. It is easily established directly by means of Theorem V, through one 
integration. This gives perhaps the easiest method of testing the hyper- 
geometric series. The same results can be found by applying Theorem V 
directly to the hypergeometric series, though Gauss's test, so easily established 
by means of the theorem, is more convenient. 

It is not difficult to show that in Theorem V the condition | r (x ) — 1 1 <k/x 
may be replaced by the condition that the series £»=" (1 — r n ) converges, 
and r n == 1 . Then by the Maclaurin-Cauchy integral test, we see that the 
series £»=" u n diverges if the series £"=" (1 — r„ ) converges and r n s= r»+i . Of 
course this test is very weak. In the case of the series 

i . ?! JlJ , (2'-l)(3»-l) 

1 "+" 2 P (3!) p -r " " > 

for example, where 

fn - 1 n*" 

this test, like Raabe's first test, indicates divergence only for p > 1 , though 
by Theorem V we see that the series also diverges f or p = 1 . 

4. A SERIES OF PRODUCTS 

We have noticed the normal form to which may be reduced any series 
capable of being tested by means of a test of the second kind. This normal 
form suggests a somewhat more general class of series. Suppose that we are 
given the two-dimensional array of numbers 

aoo aoi fflo2 

«10 «11 #12 

ffl20 #21 fl-22 ' ' ' 



and suppose that they form a series as follows : 

«00 + ^01 • flio + CK)2 ' a H ' tt 20 + #03 ' ^12 * #21 * &30 + 



* Gesammelte Werke, vol. 3, pp. 123-163. 



1918] CONVERGENCE AND DIVERGENCE OF SERIES 201 

The following theorem then holds 

Theorem VI. Let a(x,y) be a positive, integrable function for igO, 
y ij= , such that 

(a) a(m, n) = a m , n ; 

(b) < c < a(x, y) < k; 

(c) one of the two relations 

a(x',y')^a(x',y"), ^ x' , Si y' < y" 
or 

a(x',y')^a(x',y"), Si x' , Si y' < y" 

always holds; and 

(d) such that one of the two relations 

a(x',y')^a(x",y'), Si x' < x" , Si y' 
or 

a(x',y')^a(x",y'), S x' < x" , Si y' 

always holds. 
Then a necessary and sufficient condition for the convergence of the series 

X) u-n where w« = II a m , „_ m 
is the convergence of the integral 

J log a(x t £ — x)dx 
_ i 



Proof. We can take c < 1 and k > 1 . Take the case that a ( x' , y) and 
a ( x , y') monotonically decrease as y and x respectively increase. Then 

(1) loga(ra + 1, £ — n)"sl I log a (a;, £ — a;) da; Si loga(n, £ — n — 1), 
and 



rro+1 

^ I gloga(0,£-l)+loga(l,£-2) + --- + loga(?i-l,{-n)+logfc d £ 



Si fcao, n— 1 • &1, re— 2 * «2, re— 3 & ra _i t • 

Therefore 

(2) r £***<**-** n*ku^. 

i/n 
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Likewise 

/ log a(x, £ — x)dx 
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[April 



X 



n-H r*i 



di 



■"n+l 



C n ' - e log o(l, {) + log o(2, f - 1) + • • • + log o(», J - n + 1) + log C ^ 



= Cffli, n+l * 0>1, n * * - 0"n, 2 = W n+ 2 . 

Oo, n+2 " 0>n+l, 1 * Gn+2, 

Therefore 



(3) 



rn+l ft\oga(x,t-x)dx Jy 



¥ 



U n+ 2. 



Similar inequalities hold if a ( x' , y ) and a(x, y') increase monotonically, 
or if one decreases and the other increases. 

The theorem then follows from a comparison of the given series with the 
series 



w=0 Jn 



by means of the inequalities (2) and (3). 

The theorem can readily be extended to series for which the function a(x , y) 
satisfies conditions similar to the conditions in Theorems II and III. A 
theorem analogous to Theorem V is also easily deduced. 

As special cases this theorem in its extended form includes Theorems I, II, 
and III. 

Example. The following series is conveniently tested by means of The- 
orem VI. 

e -0/2-a/2 _j_ g -0/2-0/3-a/3-a/4 _j_ e -0/2-0/8-0/4-a/4-a/6-«/6 _|_ . . . 

This is formed from the array 

e -/3/2-a/2 g-0/3-a/3 e _0/4-a/4 
e -3/2-a/4 g-0/3-,,/6 e _p/4_ a /8 
0-0/2-a/e e -0/3-a/9 e -0/4-a/12 



Here 
and 



„ ._ ^-[$/(n+2)]-a/[(m+lX»+2)J 

a l x y\ _ g-[0/&+2)]-a/Kx+lXy+2)] 



where Si x , si y . If we take the series as starting with the term a i( i 
instead of with ao, o> we can write 

a(x,y) = e-* «»+«— ww-i» > 1 < x , 1 =1 */ . 
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Then 

ploga(x,€-*)«fa-jr[ n ^L- u + 1)( ^ +1 _ !B) 



Consequently 



r* r log a(*, i -*)&,,. r* ^^ 

I eJl 0% = I tf + [»«/(M-l)]- 



Therefore the series converges for (3 > 1 , and diverges for j3 Si 1 . 

5. Multiple series 

The tests given for simple series are easily generalized for multiple series. 
Thus for double series we have the following theorem : 
Theorem VII. Given the double series 

CO 00 

m=0 rt=0 

Let r m = u m+ i, o/u m> , and p m> „ = u m , n +i/u m , n . Suppose that r(x) is a 
continuous function for si a: , having the properties that r (m) = r m , < c 
< r (x) < k, and r(x) monotonieally increases as x increases; suppose also 
that p(x, y) is a continuous function for si x , si y , having the properties 
that p(m, n) = p m , „, < c < p(x,y) < k, and p(x, y) increases mono- 
tonieally when either x or y increases; then a necessary and sufficient condition 
for the convergence of the given double series is the convergence of the double integral 

r r <J> r{x)dx + fo io ^*> y)dy dx dy . 

Jo Jo 

A proof like that of the first theorem can easily be given. 
Example. Test the series 

zz< 



00 oo 

i Um t n 

where Moo = 1 , and 



u m , n = e- p - (m ~ im — -[**»+•» , m + n > 0. 
For this series we have 

_ Mm+l. _ [pKm+1)] __ U m , n+1 _ [pKm+n+1)] 

' m e y Hm, n — — e 

U-m, U mt n 

r ( x ) = e - [p/(x+I)] , p ( x , y ) = c -t*«*+v+«a . 
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Here we have 

J log r (x) dx = J ^-j~^dx = - p log (x + 1) , 

J \ogp(x,y)dy = J ^-q— ~^j dy = - plog (a; +y + 1) + plog (s + 1) , 
and hence 

r r jo i °z r(x)dx+ fo i ° gp{x ' y)dy dxd = r r dxdy 

Jo Jo Jo Jo (x t y ~r 1 ) p 

Jo (p-iXp + D^ 1 " 

Therefore the series converges if p > 2 , and diverges if p S= 2 . 

The theorems of this paper have been stated for constant terms. They 
can readily be extended to series of functions, not only to test the convergence 
of a given series, but also to determine whether the convergence is uniform; 
uniform convergence of an integral implies uniform convergence of the cor- 
responding series. 

Cambridge, Mass. 
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